The hyperfine interaction between the quadrupole moment of atomic nuclei and the electric field gradient (EFG) provides information on the electronic charge distribution close to a given atomic site. In ferroelectric materials, the loss of inversion symmetry of the electronic charge distribution is necessary for the appearance of the electric polarization. We present first-principles density functional theory calculations of ferroelectrics such as BaTiO3, KNbO3, PbTiO3 and other oxides with perovskite structures, by focusing on both EFG tensors and polarization. We analyze the EFG tensor properties such as orientation and correlation between components and their relation with electric polarization. This work supports previous studies of ferroelectric materials where a relation between EFG tensors and polarization was observed, which may be exploited to study the ferroelectric order when standard techniques to measure polarization are not easily applied.
I. INTRODUCTION
There is great interest in ferroelectric/multiferroic materials nowadays due to their potential application in a plethora of subjects, ranging from high density memories to magnetoelectric sensors. [1] [2] [3] The complexity of electronic phenomena at the nanoscale makes them a hot research topic and a fertile ground for new experimental techniques, which are able to probe point-like, atomic-scale properties. To this aim, the use of local probes as in hyperfine interactions techniques, such as Mössbauer effect spectroscopy, perturbed angular correlation (PAC) spectroscopy, nuclear magnetic resonance (NMR), and nuclear quadrupole resonance (NQR), give access to atomic scale information of the electronic charge density 4 through the measure of the electric field gradients (EFGs), thus probing the phenomenology of materials at the nanoscale.
From a theoretical point of view, advances in modern density functional theory have made the calculation of the spontaneous electric polarization P a routine calculation in an ab initio framework. [5] [6] [7] Recently, the calculation of EFGs has become also possible from firstprinciples. [8] [9] [10] [11] [12] [13] [14] However, to the best of our knowledge, a theoretical study based on ab-initio density functional methods aiming to investigate both the P and EFGs in a ferroelectric material is still missing in the current literature despite the fact that a linear correlation [15] [16] [17] between P and EFG values at a given site was shown a long time ago. This "correlation" would suggest that information obtained through the measurements of EFG tensors can provide indirect access to the polarization as well. If true, one could study a macroscopic property of the crystal, such as P by using local probes. In this work, we want to explore such a possibility.
A nucleus with a nonspherical nuclear charge distribution possesses an electric quadrupole moment which leads to a hyperfine splitting for a nuclear spin I ≥ 1 if subjected to an EFG. The hyperfine techniques previously mentioned can measure the quadrupole coupling constant, which is the interaction between the nuclear quadrupole moment and the EFG. The EFG, in turn, arises due to the Coulomb potential at the nucleus, and its measurement is sensitive to the surrounding electronic charge density. More precisely, it is defined as the symmetric traceless second-rank tensor of second derivatives of the Coulomb potential with respect to the spatial coordinates, V ij = ∂ 2 V /(∂x i ∂x j ), at the nuclear position. In the principal axis coordinate system, the tensor is diagonal and its elements are usually ordered by the convention |V zz | ≥ |V yy | ≥ |V xx |. Usually V zz and the asymmetry parameter η = (V xx − V yy )/V zz are used in the analysis of measurements. We recall that the EFG is site dependent, and its principal axes (x,ỹ,z) may not be the same at every site, although they are usually along symmetry axes of the crystal. EFG studies are found in various types of materials, for example, intermetallics, 18 metal complexes, 19 magnetic, 20 or multiferroic compounds.
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Previous studies have shown that in some ferroelectric materials P follows a temperature dependence which can be related to the EFG at specific atomic sites. For instance, NMR using 23 Na in Rochelle salts [NaK(tartrate)·4H 2 O] showed that P and the EFG are linearly related. [15] [16] [17] In 1978 Yeshurun suggested 22 that the EFG due to static displacements should be proportional to P 2 in perovskite crystals using an empirical model for interpreting previous 57 Fe Mössbauer measurements in BaTiO 3 .
23 Dynamical aspects were also considered by relating the EFG to the electric susceptibility, and it was found that the EFG should have a critical behavior when approaching T C . 22 This peculiar feature was recently used in the identification of ferroelectricity with EFG measurements. 24 In this work, Pr 1−x Ca x MnO 3 was studied with the measurement of the EFG at 111m Cd probes implanted into the sample. An abrupt change was found in a short temperature interval. This was associated to the onset of ferroelectricity, since the EFG should be dominated by a contribution proportional to the electric susceptibility at the transition, i.e., with its critical behavior. 22 In the same work, 24 it was also suggested that the temperature dependence of EFG tensors can give information on the onset of charge or orbital ordering. In Ref. 25 it was argued that the static part of V zz should have the following behavior with respect to P : either it is proportional to P 2 in sites which have inversion symmetry in the paraelectric structure, or it is proportional to P , like in Rochelle salts. The quadratic relation was supported by experiments in NaNO 2 , 25 in PbHfO 3 not too close to T C (where critical behavior is found), by PAC measurements, 4, 26 and by NMR measurements in BaTiO 3 .
27 It is therefore clear from the current literature that P and the EFG tensor are closely related quantities.
Our study aims to explore this relationship by calculating both P and EFG for simple ferroelectric materials and studying a possible correlation between these quantities. Some of the previously mentioned results are obtained by impurity probes in the host materials. Here, we shall limit our studies to systems where the probes are natural constituents of the materials.
This work is organized as follows. In Sec. II we discuss the computational details. In Sec. III A we present the results and discuss the relationship between P and EFGs for simple tetragonal or orthorhombic (Sec. III B) systems. We analyze the possible linear correlations between EFG tensor components in Sec. III C. A study of the variation of V zz (P ) with the atomic numbers of different materials is shown in section IV. Finally, in Sec. V we draw our conclusions.
II. TECHNICAL DETAILS
We have considered a series of simple ABO 3 type perovskite compounds. 28 For BaTiO 3 , PbTiO 3 and KNbO 3 we have considered the tetragonal experimental structures as references. We also considered other perovskiterelated compounds, such as BaZrO 3 , CaTiO 3 , PbZrO 3 , SrTiO 3 , NaNbO 3 and LiNbO 3 by considering a pseudocubic phase at the experimental lattice constants of the cubic paraelectric phase. The ferroelectric distortion was mimicked by a polar displacement of the atoms. The experimental displacements in tetragonal BaTiO 3 are z T i = 0.0203, z O1 = −0.0258, and z O2 = −0.0123, in fractional coordinates. 29 We calculate the EFG as a function of λ, which represents the fraction of the displacements (z T i , z O1 , z O2 ) mentioned above. Therefore λ = 1 corresponds to the equilibrium (experimental) structure. Values of 0 ≤ λ ≤ 1.2 are used, i.e., λ = 0 corresponds to undistorted, λ = 1 corresponds to the experimental equilibrium distortion (at 280 K) and λ = 1.2 corresponds to 20% additional distortion. For the compounds where the cubic structure is used, a ferroelectric state is considered using the same fractional distortions as in BaTiO 3 . Although these states may not be observed in normal conditions, this allows us to study the possible correlation of polarization and EFG in different systems or as a function of strain.
For the density functional theory calculations we used the projector-augmented-wave (PAW) method, 30 as implemented in the Vienna ab-initio simulation package (VASP), 31 with the generalized gradient approximation (GGA)-Perdew, Burke and Ernzerhof (PBE) functional. 32 We used a Γ-centered Monkhorst-Pack 7 × 7 × 7 k-points grid, and an energy cutoff of 400 eV. The polarization is calculated with the Berry phase approach.
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The EFG is calculated at the atomic sites A, B, apical O1, and equatorial O2 sites.
For the case of BaTiO 3 we also performed calculations with the L/APW+lo method, implemented in the WIEN2k code. 33 The basis set was limited by RK max = 8, where RK max stands for the product of the smallest atomic sphere radius R mt times the largest K-vector K max of the plane wave expansion of the wave function, and a 6 × 6 × 6 k-points grid was used. Let us start by considering the case of BaTiO 3 . The variation of the total energy with the atomic distortions is shown in Fig. 1(a) , with the displacements considered along the polar axis z in both directions. The curve shows the expected double well profile. The energy minimum is reached for 85% of the experimental distortion: the slight discrepancy is probably due to the approximation used here for the exchange-correlation functional. Given that both the experimental/theoretical displacements are very small, this discrepancy is reasonable. 38 In all the following cases, the vertical dashed and dotted lines correspond to the theoretical energy minimum and the experimental distortions, respectively. The stable state has an energy lower than the undistorted one by 20 meV, which compares well with previous calculations. Figure 1 (b) presents P as a function of the ferroelectric distortion. It can be seen that P is approximately a linear function of the distortion. This is not unexpected since we are considering displacive type ferroelectrics, as already discussed in previous works. 39 The calculated P at the experimental distortions is 28.6 µC cm −2 , according to what can be seen in Fig. 1(b) , while the experimental one 40 is 27 µC cm −2 . In Fig. 1 We have performed calculations using the L/APW+lo implementation of DFT, with the WIEN2k code. Three different functionals were used, which are represented in the plot by dotted, dashed, and dot-dashed lines, corresponding to the GGA-PBE, 32 GGA-Wu and Cohen (WC), 45 and local-density approximation (LDA) 46 exchange-correlation functionals. The variation of EFG with distortion is the same, except for a small difference at Ti between the two implementations. There is also a shift in values at the O atoms, with a maximum difference of 0.5 × 10 21 V m −2 , when comparing LDA L/APW+lo and PBE PAW calculations, while maintaining the same variation with distortion. These differences are reasonable and the main feature, quadratic variation of V zz with distortion, remains the same. All the following results are taken from the PAW calculations.
In order to get rid of the distortion parameter, in Fig. 1(d) we plot the V zz EFG component as a function of P 2 . In this case, a fit of the data clearly shows a linear dependence.
For KNbO 3 the trends are similar, and a linear relation is also obtained in Fig. 2(a) . In this case, the calculated value of P at the experimental distortion is 37.4 µ C cm −2 , consistent with the measured value. 39 The calculated V zz at Nb, 2.6 × 10 21 V m −2 is also consistent with
For the case of PbTiO 3 , presented in Fig. 2(b) , much larger values of polarization are obtained. The polarization is 85 (91) at the calculated (experimental) distortion, higher than the measured 34 75 µ C cm −2 at room temperature. Notably large variations of the EFG in the range of distortions are seen at the Pb and Ti sites. The obtained values of V zz are in reasonable agreement with Ti NMR experiments (Table 3 of Ref. 49) (better agreement is seen considering the calculation of minimum energy). V zz at the O2 site has discontinuous changes, but the EFG tensor is continuous, as will be shown later.
The coefficients in the V zz (P ) expression obtained are shown in Table II , for all the atoms in the unit cell of all compounds considered. At the A, B, and apical O1 atoms, the relation found in almost all the compounds considered here is . However, since these sites have η = 0, the tensor is defined by only one independent parameter. V xx = V yy = −1/2V zz , and the quadratic coefficients also follow the same symmetry a xx = a yy = −1/2a zz . The equatorial oxygen sites (O2) do not have an n-fold rotation axis with n ≥ 3. This implies that the asymmetry parameter is not zero. In this case the coefficients of P 2 describing the variation of the EFG tensor do not show such a simple relation. The variation of the EFG with displacements can be understood by considering a Taylor series expansion,
δr
where δr i are small deviations of the atomic positions relative to the paraelectric structure. When the transition involves small displacements and for atoms where the EFG does not undergo large changes in the transition this expansion should converge rapidly. For sites without inversion symmetry, the linear term should be dominant, whereas for sites with inversion symmetry the linear term vanishes and the quadratic term in the expansion becomes relevant.
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The V zz component follows a quadratic variation for all the atoms in all the compounds studied, with only two exceptions, PbTiO 3 and CaTiO 3 . At the O2 sites of PbTiO 3 and CaTiO 3 there are interchanges of tensor components which make the description of EFG variations in terms of the V zz component inadequate. At the Pb site of PbTiO 3 a small quartic term in the polarization is found necessary for a good fit of V zz (P ) (a×P 2 +b×P 4 ) (Terms with odd powers of P are not allowed due to the inversion symmetry, in the paraelectric structure, of the sites involved in the distortion.)
In the paraelectric structure of BaTiO 3 the principal component of the tensor V zz for Ba and Ti is directed along the z axis. For the O atoms, the EFG tensor is also aligned with the tetragonal crystalline axes, and V zz is directed to the neighboring Ti atoms. For BaTiO 3 , with increasing ferroelectric distortion (P ), in all distortions calculated, the direction of V zz remains the same for all atoms. The V xx and V yy components also maintain their directions in this path, for the Ba, Ti and O1 atoms, along the x and y axes, respectively. For the O2 atoms, however, V xx and V yy do not always correspond to the same orientations. The three components of the EFG tensor for the O2 site in BaTiO 3 are shown in Fig. 3(a) . At a given distortion, due to the convention |V yy | ≥ |V xx | the regular curves followed by these components are interchanged. For distortion λ ≤ 0.9 the directions for V xx , V yy are z and x for O2 at (0.5,0,0.5); z and y for O2 at (0,0.5,0.5). For higher λ these directions are interchanged. Nevertheless, the quadratic behavior of EFG(P ) is maintained here and this interchange is ignored. Table III shows the coefficients of the quadratic terms for the variation of the EFG tensor components at each crystalline axis direction in BaTiO 3 . Unlike in the case of η = 0, the quadratic coefficients a do not have the same symmetry as the EFG tensor components. The tensor component interchanges may only happen at the O2 sites, where η changes. For BaZrO 3 , PbZrO 3 , NaNbO 3 , LiNbO 3 and SrTiO 3 there are no interchanges between tensor components, for KNbO 3 there is an interchange between V xx and V yy , while for CaTiO 3 and PbTiO 3 there are exchanges between the three components. For the sake of brevity, we only show here the O2 EFG tensor components for PbTiO 3 [ Fig. 3(b) ], where there are as many as five interchanges of one tensor component in the range of distortions considered. In particular, there is an interchange near the experimental distortion of which one should be aware in EFG measurements, since a kink measured in a V zz dependence could be a consequence of the convention that V zz is the largest EFG component in magnitude, instead of a phase transition.
Moreover, as already mentioned, to obtain a satisfactory fit to V zz (P ) at the Pb site a small quartic term should also be considered [ Fig. 2(b) ]. V zz (P ) follows approximately a linear behavior for larger values of P 2 . At the O2 site two of the curves of components with constant direction also need quartic terms for a good fit [ Fig. 3(b) ]. The much larger displacements in this compound would indeed indicate that the V zz (δr) expansion does not converge as fast as in other cases. In order to confirm that with larger displacements additional terms must be included in V zz (P ), we performed the calcula- tion of BaTiO 3 again, but this time we doubled the size of the distortions, allowing 0 ≤ λ ≤ 2.4. The variation of the EFG ceases to be properly described by a single quadratic term at the O sites, and an additional term is needed, as expected.
For the other cases there is only an exception in the O2 sites of CaTiO 3 where a quartic term is also needed. We point out that CaTiO 3 has the smaller unit cell (Table I) , so the ions will be closer with the same λ in comparison to the other compounds, which may be related to this exception.
In the pseudocubic cases the chosen distortions are arbitrary. Nonetheless, we can conclude from these cases that, for small distortions, a simple quadratic variation of V zz with polarization is seen in several different systems, apart from small deviations.
B. Orthorhombic structure
BaTiO 3 exhibits monoclinic, rombohedral, and orthorhombic phases at different temperatures. In order to see what are the differences in the EFG and P with a change of structure, we have made a series of calculations in the orthorhombic phase. We also took one experimental measurement 29 of the orthorhombic structure as the reference distortion (λ = 1) and calculated from λ = 0 to λ = 1.2 of this distortion keeping the lattice parameters (a, b, c) constant. The theoretical distortion of minimum energy is once again found to be close to 85% of the experimental distortion.
The resolved components of the EFG tensors at the four inequivalent atoms against P 2 are displayed in Fig. 4 , and the coefficients resulting from the fits are listed in Table IV . In this structure there is not a single site with axial symmetry, and the relationship between EFG and P will never be as simple as discussed above. There are also discontinuities in V zz at Ba and Ti sites due to the interchange of components. Nevertheless, ignoring these interchanges, the relation for each direction is purely quadratic in all cases. These results, like the previous ones, show that there is no physical meaning in the change of the principal axis definition (as xx, yy, or zz), and that the conventional assignment may obscure a simpler relation with crystal axes. 
C. Correlations between EFG tensor components
For the cases studied with tetragonal and cubic lattice parameters, η = 0 only for the O2 atoms. For η = 0 the components of the EFG are trivially related, but when η = 0, the possible correlation between tensor param-eters should be studied. The usual parametrization of V zz and η assumes uncorrelated EFG components. Instead, correlations between the components of the tensors may be studied in a plot of one component against the other. However, just plotting V zz against V xx results in a distorted cobweb plot, and EFG tensor trajectories obtained by continuous variation of some parameter (temperature, distortion, pressure) may not be continuous (when η = 1, V zz changes sign). Czjzek proposed a different system to eliminate these problems, 50 initially to deal with the analysis of amorphous systems. However, it is also suited to investigate the correlations between the tensor components. 51, 52 This plot uses −2V xx as a function of |2(2V zz + V xx )/ √ 3|. With this linear combination of tensor components, the tractories are always continuous, and are straight lines if there is a linear dependence of V zz on V xx .
The trajectories in the Czjzek plot of all the tetragonal and pseudocubic cases are shown in Fig. 5 for the equatorial oxygen atoms, where η changes and a nontrivial correlation may be present. In this plot, the lines of constant η are the lines emerging from the origin: the boundary lines correspond to η = 0 and the horizontal line corresponds to η = 1. The herringbone lines correspond to constant V zz . Reflections at the boundary of the plots, seen for example in BaTiO 3 and KNbO 3 , are associated with the interchange of V xx and V yy components previously shown, and the crossing of the trajectory of the line η = 1 corresponds to a change in sign and orientation of V zz . The equatorial oxygen sites still have axial symmetry (η = 0) in the paraelectric structure in the cubic structures, since there is four-fold rotation symmetry around the axes connecting the O to the B sites. Therefore, in these cases, the trajectories start at the boundary of the plot. For the tetragonal cases, this symmetry is lost and η = 0 even in the paraelectric phase: η = 0.12 for BaTiO 3 , η = 0.33 for KNbO 3 and η = 0.93 for PbTiO 3 . The upper (lower) wedge is for positive (negative) V zz . The values of V zz (O2) change significantly for the different compounds, even changing sign. KNbO 3 , SrTiO 3 , LiNbO 3 and NaNbO 3 always have positive values of V zz , while the zirconates BaZrO 3 and PbZrO 3 have negative values of V zz in distortions considered. The EFG changes sign in the trajectories of CaTiO 3 and PbTiO 3 . In the case of CaTiO 3 the trajectory overlaps with itself. It starts at negative EFG and η = 0, then it goes to positive EFGs, in the direction of the arrow, it is reflected and comes back the same way, changing sign again, and finally it is reflected to the horizontal path. In general the positive EFGs increase in absolute value with distortion, while the negative ones decrease. Exceptions in this respect are parts of the trajectories in PbTiO 3 and CaTiO 3 .
The lengths of the trajectories in this plot are presented in Table V all the other cases have fractional distortions equal to BaTiO 3 . In this respect, it is interesting to remark that both niobates (LiNbO 3 and NaNbO 3 ) have trajectories with approximately twice the length of the others, indicating that the local charge at the O2 atoms is more sensitive to displacements when Nb is the B site.
From these plots it is also of interest to determine the "asymptotic" asymmetry parameter (η ∞ ), 52 related to the slope of the trajectories after reflections at the boundaries, corresponding to the limiting value of η for a given trajectory. These values are presented in Table V . It can be seen that η ∞ is large in most cases, with a smaller value for PbTiO 3 . It should be related to the different features of the distortion, due to the fact that this compound has ferroelectricity driven by the lone pair of s electrons at the Pb ions, while ferroelectricity in other compounds is related to the d 0 configuration at the B site.
If the trajectories in this plot are straight lines, this shows that the EFG tensor components are linearly related. This is usually the case, except for LiNbO 3 and NaNbO 3 , where the trajectory is approximately straight for low values of P , but becomes curved for higher values. The linearity in almost all cases means that the whole tensor, when considering the distortions that give rise to ferroelectric polarization, can be described by a single parameter. This might have important implications on the way experimental data should be analyzed, since the components are not independent, and the combination of all information will be more useful than each of them taken separately. The study of the EFG dependence on temperature (or on other variables) usually done by separating V zz and η, can be performed by identifying the global single parameter. 
IV. RELATION BETWEEN EFG AND P IN DIFFERENT MATERIALS
In the following we analyze the relations found in different materials. The quadratic coefficients a in the V zz (P ) expression follow an interesting trend with atomic number at the A sites (Z A ), shown in Fig. 6. Figures 6(a) and 6(b) show V zz at the A site for the different cubic and tetragonal compounds. PbTiO 3 introduces larger variations for P 2 and V zz which may follow from the larger displacements in the experimental distortion, related, as previously discussed, to the different nature of the ferroelectricity.
V zz is 0 for the paraelectric cubic cases, while for the paraelectric tetragonal structures V A zz has small nonzero values, except PbTiO 3 . The slopes of the trajectories correspond to the coefficients of the quadratic term, which are shown in Fig. 6(c) . The A sites with a larger number of electrons show a larger magnitude of a, that follows a quadratic dependence on Z A . There are two pairs of compounds with the same Z A , but different metal B sites, namely BaTiO 3 /BaZrO 3 , and PbTiO 3 /PbZrO 3 . The same trend is still qualitatively followed although small changes in the values of the coefficient are seen, and the changes do not follow a pattern: a is higher for B = Ti than B = Pb in the cases with A = Ba, but the opposite happens when A = Pb. We did not find other trends for the other coefficients, or for V 0 zz , as a function of the atomic number of the different sites.
V. CONCLUSIONS
In summary, our calculations provide an ab initio support for previous observations of a quadratic dependence of the EFG tensor versus P in ferroelectric materials with the perovskite structure and other distorted structures. An exception to this rule is only seen in PbTiO 3 , at the Pb and equatorial O sites, and in CaTiO 3 at the equatorial sites, where an additional quartic term dependence is observed. Moreover, for most cases the local symmetry of the atom means that the EFG tensor is axially symmetric and all the components are trivially related to each other. For the equatorial oxygen atoms this is not the case. Nevertheless, the components of the EFG tensor are also quadratically related to P and there is a linear correlation among EFG tensor components for most cases. The relation between P and EFGs follows a trend with the atomic number of the A site, qualitatively a quadratic variation.
The EFG, working as a local analog of P , has the added advantage of higher spatial resolution and short time scales, which allows local probing of nanoscale phenomena at specific lattice sites. The different types of lattice sites, including defects, can be discriminated by their different EFGs. Its critical behavior in phase transitions may be analyzed, and the order of the transitions can be established with a high degree of detail. In hysteresis loops, it can act as a static measurement of the electric polarization in individual domains, not limited by depolarization effects and is much more sensitive to polarization reversal. It is also suited to probe phase coexistence or inhomogeneous polarization states with atomic selectivity, well beyond the reach of conventional polarization measurements. Moreover, piezoelectric force microscopy is usually restricted to studies near the surface of samples, while EFG studies can be performed in bulk or at the surface of materials, by using diffusion, evaporation or implantation techniques to add the probe atoms in the environments to study. Therefore, we hope this work will stimulate more EFG studies. However, one limitation of our results should be mentioned. In this paper we have analyzed the variation of the EFG with the scaling of the ferroelectric distortions as a whole. However, in experiments, the parameters, such as temperature, in general produce variations involving, for example, additional distortion modes, lattice vibrations, and lattice expansions. The variation of each independent atomic displacement may have a complex variation with changing temperature. Therefore, the relation investigated here can not be directly used to infer polarization variations from EFGs or vice-versa, except in well understood cases. Further work to improve this limitation could involve the study of different structural changes or temperature effects.
